A 3-manifold is ∂-reducible if ∂M is compressible in M . By definition, this means that there is a disk D properly embedded in M so that ∂D is an essential curve in ∂M . The in a manifold, then it should admit no ∂-reducing surgeries. This leads to the 1-bridge problem of Berge, which asks if 1-bridge knots are the only ones that admit nontrivial ∂-reducing surgeries. To be more precise, we need the following definitions.
no further conditions are posted on K or M . A simple example is given by considering a 0-bridge knot K in some M such that ∂M is compressible in M but not in M − K.
Surgery on K along the preferred longitude will produce a ∂-reducible manifold, in which the dual knot K is a ∂-reducing knot, but it cannot be a 1-bridge knot unless M is a solid torus and K is the central curve. Other simple examples are provided by surgery on (p, 1) cable K of a 0-bridge knot. One may choose the slope so that the dual knot K is a ∂-reducing knot, but again K is generally not a 1-bridge knot. See Section 1 for more details. These examples show that a ∂-reducing knot may not be a 1-bridge knot.
However they do not provide counter examples to the above conjectures. The purpose of this paper is to approach these problems from both positive and negative sides.
In section 1 we will prove the following theorem.
Theorem 1 Suppose K is a ∂-reducing knot in a 3-manifold M with M − K irreducible, and suppose there is a torus T which separates K from ∂M but does not bound a regular neighborhood of K. Then either M is a solid torus and K is a 1-bridge braid, or one of K and K is a (p, ±1) cable (p > 1) of some 0-bridge knot L with respect to some preferred meridian-longitude pair. Especially, one of K and K is a 1-bridge knot.
This theorem gives some positive answer to the 1-bridge Conjecture in the case when there is a torus separating K from ∂M . As an application, we will give all satellite ∂-reducing knots, as well as the ∂-reducing surgeries they admit.
Although the 1-bridge Conjecture is true for satellite knots, the answer in general case is negative:
Theorem 2 There is a compact 3-manifold M and a ∂-reducing knot K in M, such that neither K nor its dual K with respect to the ∂-reducing surgery are 1-tunnel knots.
It shows that even the 1-tunnel Conjecture is not true in general, if there is no further restrictions on the knots or the manifolds.
Since all the examples of ∂-reducing knots in [1, 2, 4] are knots in solid tori, it is now very natural to restrict our attention to the problem of whether the 1-bridge conjecture or 1-tunnel conjecture is true for knots in handlebodies. These problems are still open, but we will show in section 3 that the two conjectures are equivalent to each other:
Theorem 3 If K is a ∂-reducing 1-tunnel knot in a handlebody M, then it is a 1-bridge knot.
Another interesting property of 1-tunnel ∂-reducing knots is also given in section 3.
It is easy to see that the dual knot of a ∂-reducing 1-bridge knot may not be 1-bridge.
However, we have
Theorem 4 If K is a ∂-reducing 1-tunnel knot, then its dual with respect to a ∂-reducing surgery is also a 1-tunnel knot.
As a corollary, we have Theorem 5 Suppose K is a 1-bridge knot in a handlebody M such that some nontrivial surgery on K produces a handlebody M . Then the dual knot K in M is also a 1-bridge knot.
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Notations and definitions. We work on smooth category. All 3-manifolds M are assumed orientable. For a curve c in ∂M , let τ (M, c) be the manifold obtained from M by attaching a 2-handle along c. If X is a subset of M , N (X) will stand for a regular neighborhood of N . For a knot K in M , and γ a slope on ∂N (K), denote by (M, K; γ) the manifold obtained by Dehn surgery on K with slope γ. That is,
is identified with ∂N (K) so that some {point}×∂D 2 is identified with γ. Let K be the center curve of the attached solid torus. We call K the dual of K with respect to this surgery.
A properly embedded surface S in a 3-manifold M is called essential if it is incompressible and ∂-incompressible. Suppose D is an embedded disk in M such that either D∩F = ∂D, or D∩F is an arc α in ∂D and the rest part of ∂D lies on ∂M . Choose a prod-
is called obtained from F by surgery along D.
1 ∂-Reducing surgeries on satellite knot
In this section we will give some positive results on the 1-bridge conjecture. Especially, it is true for knots in solid tori, as well as for satellite knots in 3-manifolds. The following are examples of ∂-reducing satellite knots. Example 1. Let K 1 be a 0-bridge knot in M . We assume that ∂M is compressible in M , and incompressible in M − K. Let m be a meridian on ∂N (K), and let l ⊂ ∂N (K) be a boundary component of an annulus A embedded in M − IntN (K 1 ) whose other boundary lies on ∂M . The pair (m, l) is called a preferred meridian-longitude pair on ∂N (K 1 ). Let K be a (p, 1) cable (p > 1) of K 1 , i.e. K is a simple closed curve on ∂N (K 1 ) representing pl + m in homology. Note that K is a 1-bridge knot in M . Let γ be the cabling slope on ∂N (K 1 ). Then surgery on K with slope γ will produce M = M #L(p), where L(p) is a lens space with π 1 = Z p . Therefore K is a ∂-reducing knot. Note that its dual K is also a ∂-reducing knot, but is not a 1-bridge knot because it has homotopically nontrivial intersection with L(p), and hence is not homotopic to a curve on ∂M .
We will show that these are essentially all the possible satellite ∂-reducing knots.
Let N be a solid torus, and let (m, l) be a meridian-longitude pair on ∂N . Suppose Proof. Since T separates K from ∂M , T bounds a 3-manifold N containing K.
By Haken's finiteness theorem [8, Lemma 13 .2], we may choose T so that there is no Case 2: Either N or N is reducible.
Scharlemann [10] showed that if N is ∂-reducible and N is reducible, then K is a cable knot, and the surgery slope is that of the cabling slope. Therefore if N is reducible, then K is a cable knot, and γ is the slope of the cabling annulus. Now the assumption that there is no essential tori in N separating K from T implies that N is a solid torus Proof. A torus parallel to ∂M separates K from ∂M , so we can apply Theorem 1. If
is a solid torus, by [4, Thm 1.1] K is also a 1-bridge braid. 2 Corollary 1.3 Suppose K is a satellite knot in a 3-manifold M with M − K irreducible.
If K is ∂-reducing, then it is a (p, ±1) cable of some 0-bridge knot. Especially, it is a 1-bridge knot. Proof. There is an annulus Q as shown in Figure 1 , which has one end on ∂H and the other on ∂N (K). There is a self homeomorphism ϕ of H − IntN (K) obtained by cutting H along Q, making a full twist, then gluing back. This does not change H − IntN (K), but it changes the slopes on ∂N (K). Let m be a meridian on
is a nontrivial slope on ∂N (K), and ϕ extends to a homeomorphism ϕ : (H, K; γ) → H.
It follows that the surgery does not change H, but it changes the curves c i intoc i = ϕ(c i ).
Note that M = (M, K; γ) can be obtained by identifying A i with ϕ(A i ) on ∂H, and ϕ(A i ) is a neighborhood ofc i . Figure 2 
Proof. This is a standard innermost circle outermost arc argument. We omit the details. Proof. Among all curves L satisfying the hypothesis, choose one such that |L ∩ A| is minimal, where |X| denotes the number of components in X. Let ϕ : S 1 × I → M be a map such that ϕ(S 1 × 0) = K, and ϕ(S 1 × 1) = L. We may assume that ϕ is transverse to A. Since K ∩ A = ∅, an arc component of ϕ −1 (A) has both ends at S 1 × 1. Let s be an outermost arc. Then there is an arc s in S 1 × 1, such that s ∪ s bounds a disk P in S 1 × I.
The disk P gives rise to a homotopy γ ∼ γ (rel∂γ). Since A is essential, γ is an inessential proper curve on A. If γ ∩ β = ∅, then γ is contained in α. It is rel ∂γ homotopic to some arc γ on ∂A.
and a further homotopy will reduce |L∩A|. If β ∩γ = ∅, then α = α−Intγ and β = β ∪γ are connected, α ⊂ ∂M , and
will satisfy the hypothesis of the lemma, but lower |L ∩ A|. Both cases contradict the minimality of |L ∩ A|. therefore no such arc γ exists, which implies L ∩ A = ∅.
Now let s be a circle component of ϕ −1 (A) . If s is essential in S 1 × I, then K is homotopic to ϕ(s) in some A i , which is impossible due to homological reasons. If s is inessential, then it bounds a disk P in S 1 × I. Since A is incompressible, ϕ(s) is null homotopic, so we can change ϕ by mapping P into A, then pushing off A. This will reduce |ϕ −1 (A)| . Eventually ϕ will be disjoint from A, and hence is a homotopy in H. 
Surgery on 1-tunnel knots
We have seen that a ∂-reducing knot in a general 3-manifold may not be a 1-tunnel knot, but such a knot in a solid torus must be a 1-bridge knot. An interesting problem is if this is true for handlebodies of genus greater than 1.
Conjecture A. A ∂-reducing knot in a handlebody is a 1-bridge knot.
Conjecture B. If a knot in a handlebody admits a nontrivial surgery so that the resulting manifold is still a handlebody, then it is a 1-bridge knot.
Clearly, Conjecture A is stronger than Conjecture B. These are probably Berge's original conjectures. In this section, we will show that Conjecture A is true if K is a 1-tunnel knot. This gives new evidence to the conjectures. It follows that Conjecture A is equivalent to the weaker statement that ∂-reducing knot in a handlebody is a 1-tunnel knot. By definition of ∂-reducing knot, ∂M is incompressible in X. So Theorem 2.4.3 of [3] implies that if ∂M is compressible in M = (M, K; γ) (= X(γ) by notation of [3] ), then either γ = m, which is the trivial surgery, or ∆(m, γ) = 1, in which case the dual knot K is a boundary parallel knot, and A extends to an annulus with a boundary component on K . Consider X as a subset of M . It is now easy to see that cutting X along A produces a manifold W = X − IntN (A) homeomorphic to M . Especially, ∂W is compressible.
Now consider W as a subset of M . We have
Notice that ∂W − ∂M = ∂N (K ∪ D) − ∂M is an annulus. Let s be a central curve of this annulus. Then M can be reconstructed from W by attaching a 2-handle along c to obtain
The subsurface S = W ∩ ∂M of ∂M has no boundary component bounding disks on Let N be the solid torus H ∪ H . Denote by A the annulus H ∩ W , and by A the
It means that we can perform the surgery on K in N , then glue the resulting manifold to W along the annulus A to obtain (Y, K ; γ ).
The knot K is the central curve in the solid torus N ; so after surgery
is still a solid torus. The central curve s of the annulus A is isotopic to a meridian m of K . Since ∆(m , γ ) = ∆(m, γ) = 1, after surgery s is a longitude on ∂N 1 . Therefore, when gluing N 1 to W along A, the resulting manifold W ∪ A N 1 is homeomorphic to W itself. Under this homeomorphism, the annulus A = ∂D 2 × I in H is mapped to A, and the curve c is mapped to c = α ∪ δ, for some arc δ in A.
The third equality follows by exchanging the order of 2-handle addition and Dehn surgery.
This completes the proof. 2 Lemma 3.3 Let α, β, W be as in Lemma 3.2 and assume M is a handlebody. If K is not a 1-bridge knot, then there is a closed incompressible surface F ⊂ IntW , and an incompressible annulus P in W with one boundary component ∂ 0 on F , and the other one
Proof. Cut W along compressing disks of ∂W − A until we get a manifold W such that ∂W − A is incompressible, where A is the annulus W ∩ N (β). Let W be the component of W containing A. It is quite clear that A is incompressible in W , otherwise M would be reducible. Therefore ∂W is not a 2-sphere. We want to show that ∂W is incompressible.
If ∂W is compressible, then, since ∂W −J is incompressible, by the Handle Addition Theorem [9] , M = W ∪ N (β) = τ (W , J) has incompressible boundary. Since M is a component of the manifold obtained from M by cutting along some disks, it is a handlebody. So ∂M being incompressible implies that M is a 3-ball. If β is knotted, then ∂W is incompressible. If β is unknotted then one can find an arc β on ∂W such that β ∪β bounds a disk. Since ∂M −∂M are disks, by an isotopy rel ∂β we may assume that β ⊂ ∂M . This contradicts the hypothesis that K is not a 1-bridge knot. Therefore, ∂W is always incompressible.
Let F be ∂W pushing into W , and let P be an annulus in W with one boundary component on F and the other equal to J on A. Then P and F are obviously incompressible in W , and hence in W . Since W is obtained from W by attaching some 1-handles,
Proof. We may assume that K is not boundary parallel, otherwise it is a 1-bridge knot. By Suppose K is not a 1-bridge knot. We need to show that ∂W − c is incompressible.
Apply Lemma 3.3, and let F and P be the incompressible surfaces given there. Since F is a closed incompressible surface, we can isotop D off F . So we assume D is disjoint from F . Consider D ∩ P in the annulus P . No component of D ∩ P is an essential circle in P because P is incompressible. Surgering D along a disk in P bounded by an innermost circle of D ∩ P will reduce |D ∩ P |, so we assume that D ∩ P are arcs. Since D is disjoint from F , any arc component of D ∩ P has both ends on ∂ 1 = P ∩ A, where A is the annulus N (β) ∩ W . There are three cases:
Case 1. Some arc s cuts off a disk B in P disjoint from c.
Choose an outermost such arc s. Surgery of D along B produces two new disks
one of which is a compressing disk of ∂W − c, but has fewer components of intersection with A. Repeating this process will eliminate all such intersections.
Case 2. D ∩ P = ∅, and any arc s in D ∩ P cuts off a disk B in P which intersects c.
Recall that c = α ∪ δ, where α = α ∩ ∂W , and δ ⊂ A. So we can assume that δ intersects P at a single point, and hence B intersects δ at a single point.
Let s be an arc of D ∩ P which is outermost in D (rather than in P ), and let D 1 be the outermost disk in D cut off by s. We have
enbedded in W , where B is, as above, the disk in P cut off by s.
we can isotop D off P . Especially, it is disjoint from ∂ 1 = A ∩ P . Since ∂ 1 is the central curve of A, another isotopy will move D off A to a disk D . Furthermore, because C ∩ A is a proper arc, and |D ∩ c| = 1, we may assume that D intersects α at a single point.
Especially, it is nonseparating, and so is a compressing disk of ∂M . Since D intersects α once, and is disjoint from β, it intersects K at a single point. By Lemma 3.1, M is a solid torus, and K is the central curve. This contradicts the assumption that K is not a 1-bridge knot.
By an isotopy, we may assume that ∂D is disjoint from c ∪ A. Such a disk is a there is a compressing disk of ∂M which is disjoint fromβ.
There is a compressing disk of ∂M disjoint from β, which remains a compressing disk of ∂W in W , so ∂W is compressible. Since M = τ (W, c) is also ∂-reducible, by the Handle Addition Theorem ∂W −c is compressible. Actually, from the proof in [9] , a stronger result is true: There is a compressing disk D of ∂(τ (W, c)) which is disjoint from the attached 2-handle. Sinceβ lies on the boundary of the attached 2-handle, D is disjoint fromβ.
By definition,ᾱ ∪β is a 1-tunnel presentation of K . 2
As a corollary of the results in this section, we have the following duality property of 1-bridge knots in handlebodies.
Theorem 5 Suppose K is a 1-bridge knot in a handlebody M such that some nontrivial surgery on K produces a handlebody M . Then the dual knot K in M is also a 1-bridge knot.
Proof. By Theorem 4, K is a 1-tunnel knot. Since it is also a ∂-reducing knot, by Theorem 3 it is a 1-bridge knot. 2
We remark that Theorem 3 is not true for general 3-manifold. There are 1-tunnel ∂-reducing knot K in some manifold such that neither K nor its dual is 1-bridge. The following is a simple example.
Let Y be the boundary sum of 3 manifolds X 1 , X 2 , X 3 , each of which is a (torus ×I). Let C 1 , C 2 be curves on ∂Y as shown in Figure 3 . Let M = τ (Y, C 2 ), and let K be C 1 pushing into the interior. It can be shown that ∂M is compressible in M and incompressible in M − K. K is clearly 1-tunnel, but it is not 1-bridge because it is not homotopic to a curve on ∂M . Using Lemma 3.2, it can be shown that for some γ = m, (M, K; γ) ∼ = τ (Y, C 1 ), and the dual knot K is C 2 pushing into M . This gives the required ∂-reducing surgery. We omit the details. 
